A rational cubic spline curve is described which has tension control parameters for manipulating the shape of the curve. The spline is presented in both interpolatory and rational B-spline forms, and the behaviour of the resulting representations is analysed with respect to variation of the control parameters.
Introduction
T h i s p a p e r p r e s e n t s a d e s c r i p t i o n a n d a n a l y s i s o f a r a t i o n a l c u b i c t e n s i o n s p l i n e f o r u s e i n C A G D ( C o mp u t e r A i d e d G e o me t r i c D e s i g n ) . W e p r o p o s e t o u s e t h e s p l i n e f o r t h e r e p r e s e n t a t i o n o f p a r a me t r i c c u r v e s i n b o t h i n t e r p o l a t o r y a n d B -s p l i n e f o r m, w h e r e t h e r a t i o n a l d e s c r i p t i o n provides tension parameters which can be used to influence the shape of the curves. The rational spline provides a computationally simpler alternative t o t h e e x p o n e n t i a l s p l i n e -u n d e r -t e n s i o n [ S c h w e i k e r t ' 6 6 , C l i n e ' 7 4 , P r e u s s ' 7 6 ] . I t a l s o p r o v i d e s a n a l t e r n a t i v e t o t h e c u b i c v -s p l i n e o f N i e l s o n [ N e i l s o n ' 7 5 ] a n d t h e β -s p l i n e r e p r e s e n t a t i o n o f s u c h c u b i c s b y B a r s k y a n d B e a t t y [ B a r s k y a n d B e a t t y ' 8 3 ] . I n t h i s p a p e r w e p r o p o s e t o maintain the C 2 parametric continuity of the curve, rather than the more general geometric G C 2 arc length continuity achieved by the ν -spline and -spline. Our approach is thus different from that of Böhm [Böhm '87] or
Nielson [Nielson '84] in their development of rational geometric splines.
β One similarity with the paper [Böhm '87] , is that the rational spline is not restricted to the 'homogeneous coordinate' form of having a cubic spline numerator and denominator. Thus, in general, it is not a projection from a cubic spline in 4 R I into 3 R I as, for example, in the case of nonuniform rational B-splines. This, we believe, gives more freedom to develop shape control parameters for the curve, which behave in a well defined and well controlled way. For simplicity, we will describe and analyse a rational spline which has one 'tension' control parameter associated with each interval, although more parameters could be introduced into the rational form. Since the spline is defined on a non-uniform knot p a r t
i t i o n , t h e p a r t i t i o n i t s e l f p r o v i d e s a d d i t i o n a l d e g r e e s o f f r e e d o m o n
t h e curve. However, we would normally expect the parameterization to be defined either on a uniform knot partition or by cummulative chord length.
A rational spline alternative to the exponential spline-under-tension w a s f i r s t c o n s i d e r e d i n [ S p ä t h ' 7 4 ] a n d w a s d i s c u s s e d l a t e r w i t h i n a g e n e r a l s e t t i n g i n [ P r e u s s ' 7 9 ] . T h e r a t i o n a l s p l i n e o f t h i s p a p e r c a n a l s o b e c o n s i d e r e d w i t h i n t h e s e t t i n g o f P r e u s s , b u t w e f i n d i t m o r e c o n v e n i e n t t o d e v e l o p t h e p r o p e r t i e s o f t h e r a t i o n a l s p l i n e p e r s e .
The rational spline is based on earlier work, [Delbourgo and Gregory '8 5 ] , i n t h e u s e o f a r a t i o n a l c u b i c H e r mi t e i n t e r p o l a n t . T h i s i n t e r p o l a n t i s u s e d i n t h e d e v e l o p me n t o f t h e i n t e r p o l a t o r y r a t i o n a l s p l i n e p r e s e n t e d h e r e , s e e a l s o [ G r e g o r y '8 6 ] . P a r t i c u l a r , d a t a d e p e n d e n t , c h o i c e s o f t h e tension parameters can be shown to lead to special rational forms which can b e u s e d i n t h e c o n s t r u c t i o n o f s h a p e p r e s e r v i n g s c a l a r c u r v e i n t e r p o l a n t s , a s in [Delbourgo and Gregory '83] and [Schaback '73] . More recently, Goodman [Goodman '88] has considered GC 2 shape preserving, parameteric, r a t i o n a l c u b i c s p l i n e i n t e r p o l a n t s . H e r e , h o w e v e r , w e w i l l v i e w t h e t e n s i o n parameters as an interactive design tool for manipulating the shape of a parametric curve.
T h e r a t i o n a l c u b i c H e r m i t e i n t e r p o l a n t i s i n t r o d u c e d i n S e c t i o n 2 t o g e t h e r w i t h s o m e p r e l i m i n a r y a n a l y s i s . S e c t i o n 3 d e s c r i b e s t h e i n t e r p o l a t o r y r a t i o n a l s p l i n e a n d a n a l y s e s i t s b e h a v i o u r w i t h r e s p e c t t o the tension parameters. Finally, in Section 4, a B-spline type representa t i o n o f t h e r a t i o n a l s p l i n e i s d e v e l o p e d a n d s t u d i e d .
C 1 piecewise rational cubic Hermite interpolant
L e t b e v a l u e s g i v e n a t k n o t s t n, ....,
w h e r e t 0 < t 1 < . . . < t n , a n d l e t D i ∈ R N , i = 0 , . . . , n , d e n o t e f i r s t d e r i v a t i v e v a l u e s d e f i n e d a t t h e k n o t s . T h e n a p i e c e w i s e r a t i o n a l c u b i c H e r m i t e p a r a m e t r i c f u n c t i o n p ∈ C 1 [ t 0 , t n ] i s d e f i n e d f o r t ∈ ( t i , t i + 1 ) , i = 0 , . . . , n -l , b y P(t) = P i (t; r i ) T h e r i , i = 0 , . . . , n -l , w i l l b e u s e d a s " t e n s i o n " p a r a me t e r s t o c o n t r o l t h e s h a p e o f t h e c u r v e . T h e c a s e r i = 3 , i = 0 , . . . , n -l , i s t h a t o f c u b i c H e r m i t e i n t e r p o l a t i o n a n d t h e r e s t r i c t i o n r i > -1 e n s u r e s a p o s i t i v e ( n o n -z e r o ) d e n o mi n a t o r i n ( 2 . 1 ) .
For r i ≠ 0, (2.1) can be written in the form
where M o r e o v e r , t h e s e f u n c t i o n s a r e r a t i o n a l B e r n s t e i n -B e z i e r w e i g h t f u n c t i o n s w h i c h a r e n o n -n e g a t i v e f o r r i > 0 , s i n c e t h e d e n o mi n a t o r i n ( 2 . 1 ) c a n b e w r i t t e n a s ( i i ) ( V a r i a t i o n d i m i n i s h i n g p r o p e r t y ) T h e c u r v e s e g m e n t P i c r o s s e s a n y ( h y p e r ) p l a n e o f d i m e n s i o n N -l n o m o r e t i m e s t h a n i t c r o s s e s t h e " c o n t r o l p o l y g o n " j o i n i n g F i , V i , W i , F i + 1 , ( S e e [ G o o d m a n ' 8 9 ] . ) R e m a r k 2 . 1 I n t h e s c a l a r c a s e N = l , p r o p e r t i e s ( i ) a n d ( i i ) a p p l y t o t h e c u r v e s e g me n t , w i t h c o n t r o l p o i n t s ), t , (t t , R I )) r (t; P (t,
This is a consequence of the identity
I n f a c t , ( t , p ( t ) ) c a n b e c o n s i d e r e d a s a n a p p l i c a t i o n o f t h e i n t e r p o l a t i o n s c h e m e i n R 2 t o t h e v a l u e s ( t i , F i ) ∈ R 2 a n d d e r i v a t i v e s ( l , D i ) ∈ R 2 , i = 0 , . . . , n . The rational cubic (2.1) can be written in the form
This immediately leads to:
P r o p o s i t i o n 2 . 2 ( T e n s i o n p r o p e r t y ) T h e r a t i o n a l c u b i c H e r m i t e i n t e r -
p o l a n t ( 2 . 1 ) c o v e r g e s u n i f o r m l y t o t h e l i n e a r i n t e r p o l a n t ( 2 . 1 0 ) o n
M o r e o v e r , t h e c o mp o n e n t f u n c t i o n s o f e i t e n d t o z e r o mo n o t o n i c a l l y , b o t h u n i f o r ml y a n d p o i n t w i s e o n [ t i , t i + 1 ].
Remark 2.3. The tension property can also be observed from the behaviour of the control points V i , W i defined by (2.6), and hence of the Bernstein-Bézier convex hull, as . r i ∞ → I n t h e f o l l o w i n g s e c t i o n , a C 2 r a t i o n a l s p l i n e i n t e r p o l a n t w
i l l b e c o n s t r u c t e d . T h i s r e q u i r e s k n o w l e d g e o f t h e 2 ' n d d e r i v a t i v e o f ( 2 . 1 ) w h i c h , a f t e r s o me s i mp l i f i c a t i o n , i s g i v e n b y ,
Where (2.14)
C 2 rational cubic spline interpolant
We now follow the familiar procedure of allowing the derivative parameters D i , i = 0,...,n, to be degrees of freedom which are constrained by the imposition of the C 2 continuity conditions P (2) (t i + ) = P (2) (t i -) , i = 1…. , n-1 . (3.1)
These C 2 conditions give, from (2.13) and (2.14), the linear system of "consistency equations"
where the , i = 0,...,n-l, are defined by (2.12). For simplicity of presentation, assume that D i Δ 0 and D n are given as end conditions (clearly other end conditions are also appropriate). Assume also that r i ≥ r > 2 , i = 0 , . . . , n-l .
(3.3)
Then (3.2) defines a diagonally dominant, tri-diagonal linear system in the unknowns D i , i = l,...,n-l. Hence there exists a unique solution which can be easily calculated by use of the tri-diagonal LU decomposition algorithm. Thus a rational cubic spline interpolant can be constructed with tension parameters r i , i = 0,...,n-l, where the special case r i = 3, i = 0,...,n-l, is that of cubic spline interpolation. We now examine the behaviour of the rational spline interpolant with respect to the tension parameters r i in the following three propositions: Proof. Suppose r i = r, i = 0,...,n-l. Then from (3.2) it follows that
More generally, for r i satisfying (3.3), it can be shown that
where
Hence the solution D i , i = l,...,n-l, of the consistency equations (2.3) is bounded with respect to r. Now, from (2.11), the tension property (2. 
Proof. The boundedness property (3.6) holds as in Proposition 3.1 (where we can assume the additional constraint r k ≥ r > 2 to the hypotheses currently being imposed). Thus (2.13) applies for the case i = k. □ Remark 3.3.
In the case of fixed r i , i ≠ k, an analysis of the linear system (3.2) shows that
This property reinforces the rate of convergence to zero of e k = p kin (3.8), as can be seen from (2.11) with i = k. The following proposition shows that the influence of r k l k in this case has an exponential decay away from the interval [t k , t k+1 ] . 
Rational cubic B-spline representation
In this section we propose the construction of a local support rational cubic B-spline basis. A method for evaluating the rational cubic B-spline representation of a curve will be suggested by a transformation to piecewise defined rational Bernstein-Bezier form. This form will also expedite a proof of the variation diminishing property for the rational B-spline representation.
For the purposes of the analysis, let additional knots be introduced outside the interval [t 0 ,t n ], defined by t -3 < t -2 < t -1 < t -0 and Let . t t t t 3 n 2 n 1 n n + + + < < < r i ≥ r > 2 , i = -3 ,…, n+2 , 
The requirement that (in particular at t ) , ( c ψ 2 j ∞ −∞ ∈ j -2 , t j -1 and t j ) uniquely determines , since it can then be shown that
Where d j = h j-1 (r j -2)/(h j (r j-1 -2)+h j-1 (r j -2)).
(4.5)
It should be noted that is a member of our class of rational spline j ψ functions, since the class of rational cubic functions contains all polynomials of degree 1 (see identities (2.8) and (2.9)). Hence the linear extension in (4.2) for t ≥ t j is allowable. The local support rational cubic B-spline basis is now defined by the difference functions 
C a r e f u l e x a mi n a t i o n o f t h e B e r n s t e i n -B e z i e r v e r t i c e s o f B j ( t ) i n ( 4 . 1 2 ) s h o w t h e s e t o b e n o n -n e g a t i v e f o r r i s a t i s f y i n g ( 4 . 1 ) a n d w e t h u s h a v e : P r o p o s i t i o n 4 . 2 T h e r a t i o n a l B -s p l i n e f u n c t i o n s a r e s u c h t h a t (Positivity) B j (t) ≥ 0 for all t.
(4.16)
To apply the rational cubic B-spline as a practical method for curve design, a convenient method for computing the curve representation
i s r e q u i r e d , w h e r e d e f i n e t h e c o n t r o l p o i n t s o f t h e r e p r e s e n t a t i o n .
N o w , b y t h e l o c a l s u p p o r t p r o p e r t y ,
Substitution of (4+.12) then gives the piecewise defined rational Bernstein-B é z i e r r e p r e s e n t a t i o n
This transformation to rational Bernstein-Bézier form is very convenient for computational purposes and also leads to: Since th e piecewise defined Bernstein-Bézier representation is variation diminishing, it follows that the B-spline representation is also variation diminishing. □ 
Here the B j (t i ) and B j ( 1 ) (t i ) values are defined by (4.13)-(4.15), where for i = j-l, j, j+l they are dependent on r i , i = j-2, ...,j + l. Examination of the coefficients (4.15) reveals that j j ,λ μ ) )
, and hence the B j ( 1 ) (t i ) are bounded and that An immediate consequence of Proposition 4.3 (and Remark 4.4) is: Corollary 4.5 (Global tension property) Let r i ≥r > 2, i = -2,...,n+l, and let P denote the control polygon, defined explicitly on [t i , t i+1 ], i = -l,...,n, by
Then the rational B-spline representation (4.17) converges uniformly to P on . F i g u r e s 4 . 7 R a t i o n a l B -s p l i n e c u r v e s w i t h t e n s i o n r 4 v a r y i n g
Concluding Remarks
An analysis of a rational cubic tension spline has been developed with a view to its application in CAGD. We have found it appropriate to construct a rational form which involves just one tension parameter per interval, although clearly the rational form defined by (2.1) could be generalized.
One advantage of the use of C 2 parametric continuity, compared with that of more general geometric GC 2 continuity, will become apparent in the application of such a rational spline method for surfaces. In this case we would propose to follow the approach of Nielson [Nielson '86] , in the use of the spline blended methods of Gordon [Gordon '71] . Nielson proposes a spline blended surface of GC 2 v-splines but observes that only GC 1 continuity results from such a spline blend of GC 2 curves. However, the use of parametric C 2 curves in the blend will alleviate this loss of continuity.
